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Popadius, Wikimedia Commons, CCO.



Apollo 13
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I=11: lunar module (descent, ascent stages); Ill: command

module; IV: service module

Popadius, Wikimedia Commons, CCO

The service module after separation, with one
panel blown off. NASA (scan by Kipp Teague)

public domain.



Direct return

NASA.5-66-4979 MAY 25

DIRECT RETURN MODE FOR TL COAST

FUEL CRITICAL
RETURN

—_——

NOMINAL TL COAST

/
/ TIME CRITICAL
RETURN

ABORT MANEUVER

R. L. Berry, Apollo Lunar Landing Mission Symposium, NASA MSC, June 1966. Public domain, via Wikimedia

Commons.
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What Apollo 13 actually flew

Command module/service
module separation 138:01:48

Moon's Orbit
Undocking 141:30:00

Fourth midcourse correction 137:39:52
Entry interface 142:40:46

Third midcourse correction 105:18:28
Landing 142:54:41

Trans-earth injection 79:27:39

Return to Earth

Translunar injection maneuver 02:35:46

S-IVB engine cutoff 00:12:30
S-IVB engine ignition 00:09:54
S-Il engine ignition 00:02:45

To the Moon

Lift-off
19:13:00.65 G.M.T
April 11, 1970

Second midcourse correction 61:29:48

Cryogenic oxygen tank incident 55:54:53
S-IVB/command and service

First midcourse correction 30:40:50
module separation 03:06:39

Docking 03:19:09

AndrewBuck, Wikimedia Commons, CC BY-SA 4.0. Source for figures: Apollo 13 Mission Report, p. 3-2
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ASME V&YV 10, Guide for Verification and Validation in Computational Solid Mechanics.
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Our Assumptions

» The material is challenging, and can
take multiple engagements to
understand fully

» A student who comes to my office or
asks a question wants to learn

» |t may take multiple ways of
explaining a concept before a student
understands

» We must work together to help you
find the way to understand

» Taking notes in class and doing the
homework yourselves are critical
steps to understanding

» | am trying to bring you to the point
of understanding, not just give you
the answer

» We will have fun this semester
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input :n x n matrix [A], right-hand side {b}
output: solution {z} of [A]{z} = {b}

// forward elimination
forc<1ton—1do

forr <~ c+1tondo
f <« Alr,c]/ Ale, ]
Alr,cin] < Alr,cin] — f - Ale,c:n]
blr] < blr] — f - b[]
end
end
// back substitution
forr<~n,n—1,...,1do
S b[?"] Bk subitibtion
for j <~ r+1 tondo ) p ‘
| s < s— Alr,j] - x[j] é:IL:::
end @::
x[r] < s/ Alr,r] 2
end \J @:j

B‘l(‘ésk/o
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input :n x n matrix [A], right-hand side {b}
output: solution {z} of [A]{z} = {b}

// forward elimination
forc+ 1ton—1do
// find the largest entry in column c¢

p m'gnmx(:\l)s(.4:(-: n. (']]) +c—1

// swap that row into the pivot position
Ale, :| & Alp,
blc] < b[p)
for r < c+ 1 tondo
[« Alr,c]l /[ Ale, ¢

Alr,ein] < Alr,e:n] — f - Ale, e:nl
blr] < b[r] — f - b|c]
end

end

// back substitution

forr < n.,n—-1,...,1do

s« blr]

for j«—r+1tondo
| s s — Alr,j] - z[j]

end

x[r] « s/ Alr,7]

end

D\(V?Je b\[ Ze’o
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Algorithms and Operation Counting

ASEN 3502 — Computational Methods
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What is an algorithm?

‘ rHon CORMEN
) g
° NN
_ . \ ' ) |
“Informally, an algorithm is any well-defined \ \ «
computational procedure that takes some value, or NY
t f I 'n t d d I INTRODUCTION TO
set of values, as inpu ar,1, produces some value, or ALGCORITHMS
set of values, as output.
— Cormen et al. . .
Introduction to Algorithms

Cormen, Leiserson,
Rivest, and Stein

mitpress.mit.edu


https://mitpress.mit.edu/9780262046305/

Another type of algorithm

0&,3\’9“"’5
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Why algorithms?

» Algorithms are mathematical objects. Why are they useful?
» We can reason about properties like correctness and resource use
“An algorithm is said to be correct if, for every input instance, it halts with the
correct output.” — Cormen et al.
» We can make precise and rigorous statements without having to deal with issues like
roundoff error, memory allocation, etc.



How do we represent algorithms?

Matrix-vector multiplication: three ways

English Code Pseudocode
To get entry r of {b}’ b = zeros(n,1); input 1 n X n matrix [A],
. : for r = 1:n vector {x}
multiply each entry in row r for ¢ = 1:m output : {b} — [A]{x}
of [A] by the matching entry b(r) = blz) ...
for r < 1 to ndo
of {x}, and add up the + A(r,c)*x(c); b[r] « 0
results. Do this for every q end for c < 1 to n do
en

row. | blr] < blr]+A[r, c]-x[c]

end
end

“What separates pseudocode from “real” code is that in pseudocode, we employ whatever
expressive method is most clear and concise to specify a given algorithm.” — Cormen et al.
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Analysis of algorithms

» Analyzing an algorithm means predicting the resources that an algorithm requires

» For today, we will count floating point operations ( “Flops"): multiplication, division,
addition, and subtraction of floating point numbers

» Discuss with your neighbor: Consider the equation [A]{x} = {b}. As n gets
larger, which requires more floating point operations? Finding {x} given [A] and
{b}, or finding {b} given [A] and {x}?

© b= Ax
@ Ax=b



Matrix-vector multiplication

input : n x n matrix [A], vector {x}

l

| db[r] + b[r] —i-—‘A[r, c];x[c]
end

output : {b} = [A]{x]} Clops | tmes
t forr<~1ltondo __  _ o | Zen
2 blrl<-0 _ _ o e T
2 for c +— 1 to ndo o "
4 z n*
S
6

FLOPS: 2Zn®



b;\use-Fu‘ sum tdeatities
Gaussian elimination 20 = c2ED | 209U = Eew e g 0)
o o= Nl =) S

input : n X n matrix [A], right-hand side {b}
output : solution {x} of [A[{x} = {b}

// forward elimination “Fkaes
| forc< 1ton—1do 0
2 for r 1 to n do O
32 f <+ Alr,c]/Alc, ] )
Y for j + c to n do o
> ‘ d A[rvj] <~ A[r7j] —f- A[C,j] 2
& en wt-an =) PECH =,
7 b[r] < b[r] — f - b[c] 2 — “ime K_see Flop-count. pd
23 end Section 2.2
S end
// back substitution https://asen3502.con/Lectures/020-algorithms/ £Lop-count . pdf
fofor r < n,n—1,...,1do O n
ft s < b[r] Ol n :
I for j < r+1 to ndo O V_L’;__:ﬂ
3 ‘ds<—s—A[r,j]~x[j] 2
4 en
(6| x[r] « s/ Alr, ] bl "

leend



function [C] = matmult([A], [B])
fori=1ton
for j=1ton
Cij - 0
for k=1ton
Cij = Cij + Qg bk:j
end -
end
end
return [C|
end

'é‘o’oc)

N QO Qoqg
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Asymptotic notation

» Asymptotic notation is a tool for keeping track
of only the terms that are most important as a
function approaches an asymptote

» Chapra: O(m") means “terms of order m" and
lower”

f(n) = O(g(n)) as n — oo if there exist positive
constants ¢ and ng such that

0<f(n) <cg(n) forall n>ng

S £ =3a TGarl

f(n) < cg(n) for all n > ng
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Gaussian elimination

input : n X n matrix [A], right-hand side {b}
output : solution {x} of [A]{x} = {b} Order of
// forward elimination on g\OPS +imes  cal
forc+—1ton—1do &« = < 0G
forr<c+1tondo & &V X O(_:\'?)
f« Alr,c]/ Alc,c] LN v }
for j < ctondo &~ X OQ’\3>
d A[F,J] — A[rv./] -f- A[C,j] \/ }
en ¥ I
b{r] < blr] — £ - blc] v O¢®) 3
end O(V\ FIOF$
end
// back substitution
forr< nn—1,...,1do X OC")
s < b[r] ;(
for j < r+1to ndo
‘ s« s— Alr,j] - x[j] v } O("z\
end
x[r] <~ s/ Alr, r] v O (r\\

end
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Matrix Inverse via LU factorization
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input :n x n matrix [4]

output: [A] 71

[L], [U] < lu_decompose([A])

for k <1 ton do
{ex} < unit vector with 1 at element k; 0 elsewhere
AL k] + lusolve([L], [U], {ex})

end
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Incremental Search
input : function f. search range [J‘,,,:“..l',,,_u:. number of steps n 0
output: list of brackets [z;.x,]. each containing a root
05
Az  (Tmax — Twmin) /1 =
brackets « { } o0
Iy ¢ Tmin
for It + 1 to n do -0.5
Ty, o+ Ar
if f(uxy) - flz,) < 0 then e 10
// sign change => a root lies in [11.x,
append [z;.z,] to brackets <—

end
&Iy« Iy
end
return brackets
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Bisection 1.0 |
input : function f. bracket [z, x,] with f(x) - f(za) <0,
tolerance =, 0.5

output: estimate x,. of the root %
T, 1y = 0.0
repeat

Trold $ Tr

2y (24 2,) /2 o5 |

// keep the half that still brackets the root

if f(x;)- f(z,) <0 then —10+

€T, I,

else if f(x;)- f(z,) > 0 then | e I g | |

|z, 0.0 0.5 1.0 15 2.0

else Iter 1 ) ° Sa;n\i X Ba

[ return r, // exact root 7 I AX = |

end 2. ( ° | A% - 0.%

Ly — Trold y

€a - ‘ - 100% 3 b o« 22 = 0.2

oL DR
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False Position

input : function f, bracket [z;, x,] with f(x) - f(zy) <0,
tolerance =,

output: estimate x, of the root

x, ¢ ay

repeat

Trold < Tp

flxy) (2 — x,)

Flzd— flr,)

// ¥€ep the side that still brackets the root

if f(a1) - f(2,) < 0 then

| 2o 2

else if f(x1)- f(x,) > 0 then

Iy ¢ Ty —

| return z, // exact root

until £,
return r,
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Newton-Raphson
input : function f and its derivative f’, initial guess xg.
tolerance =,, maximum iterations N
output: estimate z,. of the root
T,  Ip
for i < 1 to N do :
'[‘I‘,ul(l «— I, - = Py
L f &y o14)
'['l' R ‘I'.ll( Y ——
4T P (@ o)
fa ¢ | = Treld | 009
Iy
if £, < £, then
| return z,
end
end
return x, // did not converge in N iterations
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Secant Method
input : function f, initial guesses x_; and xg, tolerance e,
. . . r S —

maximum iterations N

output: estimate z,. of the root

Tprev € L1 Ty ¢ T

for i <+~ 1 to N do \

Ppur only

X, I s — Ty,
PP @y o1a) ( prev r.old) / Avkference

fl@prev) = f(2r01a) Nevjt-o/\
Tprev € Trold -cro’“
€a l—J ——roid ’ -100%
T,

if £, < £, then

| return r,.

end

end

return z, // did not converge in N iterations
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Brent’s Method

input : function f, bracket [a,b] with f(a)- f(b) < 0, tolerance £
output: estimate b of the root

// b is the best estimate, ¢ is on the other side of the root, a
is the previous b

céa

// d is the signed step b will move by, e is the previous step;
both start as the bracket width

deb—a; e+d

repeat

if f(b)- f(¢) > 0 then

// b and ¢ no longer bracket the root; a does

céa; deb—a eed

end

if [f(c)| < |f(b)| then

// make b the point with the smallest |f|

ae—b beec cea
end
mé+ (e—b)/2 // bisection step
6 g4 |b| // absolute tolerance

if |m| < 4d or f(b) =0 then
| return b
end
if |e| <& or |f(a)| < |f(b)| then
| de—m: e+m // bisect
else
s f(b)/ fla)
if @ = ¢ then
// only two distinct points: secant step
pe2ms; g 1—s
else
// three distinct points: inverse quadratic
interpolation
q fa)/ f(e): 7 f(b)/ fle)
pes2mq(g—r)—(b—a)(r—1))
g (g—1(r—1)(s—1)
end
if p > 0 then g « —¢q
else p « —p
if 2p < 3mq — |0q| and p < |eq/2| then
// interpolated step stays in the bracket and shrinks
it fast enough
ecd; d<p/q
else
d«m; e«m
end
end
ah

// bisect
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A\b = golution to
Ax=b

Newton-Raphson for Systems
sca [a r

input : function {f} : R™ — R™ and its Jacobian [.J] (with

Jij = 0f;/0x;), initial guess {x}q, tolerance £,, maximum

itvl"ali()ua N ) £ ('AZ)
output: estimate {x}, of the root
{z} < {z}o
for i+ 1 to N do =0
{-r}nnld .’7 {"'}r
solve [J|({}r.oa) {Az} = —{f({x}r.01a) }
{z}r < {z}roa + {Az} Riey X

I{=}r — {z}roall

Ea ¢ - 100%
[{z}|
if =, < =, then
| return {z},
end
end
return {x}, // did not converge in N iterations
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Numerical Jacobian (forward difference)

input : function {f}: R™ — R", point {x}, step size h h= JJ’E.‘ %
output: approximation [J] of the Jacobian at {x}, J;; = 0f;/0x; r
{fto < {f({z})}
for j «+ 1 ton do
{e;} < unit vector in the j direction // jth column of (/]

(][ §) < {f{z} +h{e; D} —{f}o

L
end
return [J|

vmachine {orec.'s lon eps

// jth column of [J]



