Exam 2 Equation Sheet
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Forward: f'(x) ~ M ~NET
/ é]{x} = {0 Central: f'(z) ~ 7f(m+h);hf(z7h)
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[L{d} = [P]{b}
4 No unique [A]{z} = {b} solution <= det[4] =0 < [4]is
[Ul{z} = {d} singular <= [A] not full rank <= [A™'] does not exist.
¥
{z}
Growth (n — 00): f(n) = O(g(n)) if ¢, no > 0 such that 0 < f(n) < cg(n) Vn > ng

cf(n) =O(f(n)) Ye>0; if |f(n)|is bounded, f(n) = O(1)

O(n®) +0(n") = O (nmax<a "); O 0(") =0 (n*+")

O(1) € O(loglogn) S O(logn) € O(n) € O(n?) € O(n®) C O(NF) C O(@™) S O(nY), k>3,a>1
Convergence (h — 0): E(h) = O(g(h)) if 3¢, ho > 0 such that |[E(h)| < cg(h) VO < h < ho

ch? = O(hP) Ye>0; if E(h) = O(1), the method does not converge

O(h*) + O(h") = O (K™=(2); O(h*) - O(h*) = O (h**")

O(h?) € O(h*) C O(h*) € O(h?) S O(h) S O(1), p>4

If E(h) = O(h?), log-log plot of |E| vs. h has slope p ~ %




t=ax = x(t)=Ce" ZTit1 = Ti + f(tit1, Tit1) h

miétcitkr=0 = mA4+cAt+k=0 Unconditionally stable for £ = —ax, a > 0

et/ amE A numerical integrator is unstable for a problem and step size if
A2 = 2m errors grow exponentially for a problem with a bounded solution.
Real A1 # X2t z(t) = CheM?t 4+ Chet2t

. . z+h)— T z—h
Repeated A1 = Ag = A: z(t) = (C1 + Cat) e Central (second derivative): f(z) ~ £th) 2{1(2 i (z=h)
Complex A = o +iw: z(t) = e”* (C1 sinwt + Cs coswt)
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function GENERIC_RUNGE_KUTTA(f, to, zo, h, N)
t<to; x4 o miniergizef(:c)
for i< 0to N —1do

¢ < slope estimate from f, t;, ;, h

2 ion: (%) = S (%) >
Cin1 st Gh For a C* function: FONC: f'(z 0, SONC: f"(z*) >0

FONC: Vf(&*) = 0, SONC: H(&*) is positive semi-definite

tit1 ¢ ti+h
return to,...,tnx and xo,..., TN A symmetric matrix H is positive definite if 7 HZ > 0 V& # 0,
Local Global or equivalently all eigenvalues > 0.
¢ OC% ooa H is positive semi-definite if #7 HZ > 0 VZ # 0, or equiva-
Euler k1 O(h*) O(h) lently all ei lues > 0
Heun’s (no iteration) (k1 + k2) O(h®) O(h?) ently all eigenvalues > 0.
Midpoint ko O(R*) O(h?) . =
funct GRA _DESC v Ey
Ralston’s %]ﬁ + 2ks o(h®) O(h?) u;:ilgn RADIENT_DESCENT(f, V f, Zo, o, Es)
i 5 4
Classical RK4 5(k1+2ka 4+ 2ks + k1) O(h°) O(h%) while |V f(Z)| > E. do
— - Try1 — Tk — aV f(Tk)
=S ) ke k+1

Heun’s: ko = f(t; + h,z; + k1h)

return ¥ = 7,

Midpoint: k2 = f(t; + g,xi + %kzlh)

Ralston’s: ks = f(t; + %h, T + %klh)

RK4:
k2:f(ti+%,xi+%klh) k3:f(ti+%,$i+%k’2h)
ks = f(ti + h,z; + k3h)

z* is a global minimum if f(z*) < f(z) Vz € D
2" is a local minimum if f(z*) < f(z) Vz in a neighborhood of z* within D
z* is a strong local minimum if f(z*) < f(z) Vz # z* in a neighborhood of z* within D

abs(x) || sign(x) —1,0,0r1 AGd, :),AC:, §), A, j:n), &&, |1, "=, ==, ~

norm(x) ||z||2 (2-norm of vector or matrix) A' transpose; A*x; x = A\b

sqrt(x), exp(x), log2(x) inv(A), det(A), cond(A)

[m, i] = max(abs([4,-6,3])) value & index: m=6, i=2 eps, Inf, NaN, isnan(x), isinf (x)

n = length(v); [m, n] = size(A) @(x) x°2 - 3defines an anonymous function that computes 2 —3
zeros(m, n), ones(m, n), eye(n) @sin creates a handle for the function sin

[t, x] = any_lab_3_integrator(dynamics, tspan, x0, h): dynamics(t, x) returns i:’, tspan = [tO tf],

t is a column of times, x(i,:) is the state at t(i)

[t, x] = ode4b5(dynamics, tspan, x0) adaptive explicit RK; ode23 same interface, implements the BS23 adaptive step algorithm
discussed in class; ode23s same interface, implicit, for stiff systems

[x, info] = any_lab_2_solver(f, fprime, interval, atol, maxit): f(x) and fprime(x) are function handles, interval is a two-
element vector, x is a root estimate within atol of a true root, and some methods ignore or reinterpret arguments
incremental_search, bisection, newton_raphson (starts at the midpoint of interval), secant (the two ends of interval are the two
starting points)

[x, info] = newton_sys(f, J, x0, atol, maxit): f(x) returns f(f) as a column, J(x) returns the Jacobian, e.g.
@(x) numjac(f, x, h)
J = numjac(f, x, h) forward-difference Jacobian with increment h




